
Measure Theory with Ergodic Horizons
Lecture 11

Examples of ergodic equivalence relations.
(a) The Vitali equivalence relation Er on (IR, X) . Recall that x Ery : <=> X-yEQ ,

i
. e. Er is

the orbit equivalence relation of the translation action*I. Let X : = Lebesque measure.

Prop . Er is -ergaic.
Proof

. Suppose not
, so there is a partition IR = ALB into Erinvariant sets of

positive measure
.
Then by the 99 % Lemma

,
5 interval J whose 99% is B

, i. e.

x(B15)/(5) = 0. 99
. Again by the 49% Lemma

,
5 interval I

,
with IE1 : 151

,

whose

D9 % is A. 19 + I
-

By the density In.. + + = 0 - N 1 . 0
....at

J

of $
,
7 translates y+I , Yu

+
, ..., In

+ I
,
where K = (f), & , but pairwise

disjoint and J is at last half of 5.

But 4tI is 99% GitA and +A = A by Errinvariance , so 99 % of get is A.
Thus

,
96% of + 1) is A but on the otherhand

,
100% - 2 : 1 % = 98%

of it is B , a contradiction.

(b) Irrational rotations. Identifying the unit circle S'IR2 with IR/ = CO
,

1),
we

copy the hobesque measure from 10
,
1 do S

,
and still deateT 3) it by 1 . Then i is rolation-invariant

,
:
. e . for each

&
angle GEIR , letting To : S's' by rotating everyxes' by Lith,
we se let to preserves . We call In a rational/irrational

rotation if L is rational/irrational.

Prop . For each GEIR
,

(i) & is irrational > all orbity are dense in S'> all orbile are infinite.



(ii) d is irrational Ta is x-ergodic (i . e . its orbit ey . el. is X-ergalich .
Proof

.

(i) Firstly ,
it's clear not if d = 1. where this reclured , then end

m

in or bit has In elements.

⑤ If ↓ is irrational then each orbit is dense ,
which follows using the Enclidean algorithm: anin

- &⑮
· and is left as an exercise.

·
2nd
did

&

(ii) = .
We how the contrapositive , Let d be rational

,
e
.g.ht &

Then Letting A := VT(0
, 42) is TC-invariant and

has measure /2
.

42 ·
L

E
. Suppose d is irrational, hence each orbit is dense .

let AIS' be an Ta-invariant measurable set of positive
measure .

We will show NO XCA) = 1 by showing let 97 % of S' is A.

By the 99 % lamma
,
here is an interval-sequent I whose 99 % is A

,

and

mornover
,
XSI) = 0

. 01 (i. e . 1% of S1)
. By the density of the orbit of one of the

-I endpoints ofI, we can cover 98% of S' by finitely-many pairwise

- ↓ disjoint translates TC" (I) , Th (1) , ..., T (I) , using that
I has

t I length 11% of S! The 99% of each T(F) is Ti(A) = A ,
so

i
: the 99% of (1) is A

,
hence XCA) = 0

. 98 · 0 . 9920.97.

---
The action of to on S' can be presented as an action ofE

on S'where Le acts as Ja
,
so neL acts as Tc"

.
Just like &

has its Cagles graph Cay (2) : = (, E) ,
where E = ( (x ,y) : (xy)...
Using this

,
we can define the Schreier graph of this actionEs' as

follows for each X
,SES', put an edge (x

,g) Elsy :=> y = Ta(x) or x
=x(y)·

...Tax)
E-X

If his irrational
,
then each connected component of G is exactly a to

E-T



orbit and is isomorphis no Cay() , i. e. a bi-infinite line.

Since Cag(X) can be properly colored by I colors , we can also properly
colour C by uning Axiom of Choice and getting a transversal V for the

orbit ey . el . Etc and coloring it red and Men coloring T&(M) red and

The (Y) green . But T is non-measurable las we will see belowd
,
so this

coloring of S' is non-measurable.

Gr
.

Loansirational Generable 3- colouring ,
but doesn't admit a measurable -clouring

Proof . This is a measurable 3-colouring .

To see Kout there isn't

a measurable 2-olouring , suppose there is : S = AWB
,
where

· Bar measurable an TA =BaTThose Lets A
,
B we Th- invariant

,
but Th = Tea

andIt is still irrational
,
heace Typ is ergodic , so A

,
B are wall .E

or conull
.

But To is measure-preserving so x(A) = 1 (T= /B) %
heare x(A)= /(B) = /2

,
a contradiction

In particular, any
transversal Y is non-measurable bease otherwise it would give

measurable 2. coloring of Ga.

12) Eventual equality Eo on 12*
, Mph for all peCO.

1
.

Let to be the equivalence relation

on 2 of eventual equality , i . e. x Eoy :> Ex(n) =y(n)> JmFnzmx(l=g()
let Mp be the Bernoullip) measure on 2N.

Prop . Eo is M-ergodic.
Proof

. Is left as a HW exercise. We just mention here tet Eo is the orbit eyel of
We acties ofEK/ on I*ETL

neIN

The phonomenon Mot any transversal for Er and for the irrational rotation is



non-measurable is a general phenomenon due to erjodicity :

Prop . Let (X
,
B
, ul be an atomless probability space

and let PreX be an action

of actel group
↑ where each GEN maps sets in 13 to sets in 23.

Ifhis action is energodic .

then
any

transversal for its orbit egnel. Ep is

non-measurable.

Proof
.
HW.


